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We investigate the full-counting statistics (FCS) of energy flow carried by electrons in the tran-
sient regime. Based on two measurement scheme we formulate a non-equilibrium Keldysh Green’s
function theory to compute the generating function for FCS of energy transport. Specifically, we
express the generating function using the path integral along Keldysh contour and obtain exact solu-
tion of the generating function using the Grassmann algebra. With this formalism, we calculate the
transient energy current and higher order cumulants for both single and double quantum dot (QD)
systems in the transient regime. To examine finite bandwidth effect of leads to FCS of energy trans-
port, we have used an exact solvable model with a Lorentizian linewidth where all non-equilibrium
Green’s functions can be solved exactly in the time domain. It is found that the transient energy
current exhibits damped oscillatory behavior. For the single quantum dot system the frequency of
oscillation is independent of bandwidth of the leads while the decay rate of the oscillation amplitude
is determined by the lifetime of resonant state which increases as the bandwidth decreases. At short
times, a universal scaling of maximum amplitude of normalized cumulants is identified for the single
QD system. For the double QD system, the damped oscillation of energy current is dominated by
Rabi oscillation with frequency approximately proportional to the coupling constant between two
quantum dots. In general, the transient energy current increases when the coupling between two
QDs is stronger. However, when the interdot coupling is larger than half of the external bias the
transient energy current is suppressed significantly. All these results can be understood analytically.
PACS numbers: 73.23.-b, 05.40.Ca, 05.60.Gg, 44.05.+e
I. INTRODUCTION
With the rapid development of nanotechnology, the
transport of single electron can now be studied in elec-
tronic devices1–3, leading to renewal interest on statis-
tical distribution of electrons and the energy it carries.
Full-counting statistics is a new methodology to char-
acterize full probability distribution of electron and en-
ergy transport by calculating the corresponding gener-
ating function4–12. Experimentally the real-time count-
ing of electrons has been carried out in a quantum dot
(QD) which direct measures the distribution function of
current fluctuations2,13,14. In the experiment, the mea-
surement of higher order cumulants up to 15th has also
been reported in quantum point contact systems.14 Such
a stochastic process shows universal fluctuation for noise
and higher order moments which is a common feature in
mesoscopic systems. Full-counting statistics offers a su-
perior way to study the noise and those all higher order
correlations. Furthermore, quantum entanglement and
quantum information have been also related to quantum
transport in terms of full-counting statistics15–17.
One of the important issues in the non-equilibrium
transport process is the energy transport which gives
information on how energy is dissipated and its cor-
relations for any working electronic devices. Recently,
the energy transport through the one-dimensional sys-
tem, such as the trapped ion chains, has been measured
experimentally18. The energy dissipation and fluctua-
tion can be characterized by the energy current, which
can be investigated by Landauer-Bu¨ttiker type of formal-
ism theoretically in the dc transport for non-interaction
electrons19–21. The energy current IEα is also related to
the heat current Ihα by I
h
α = I
E
α − µIα where µ is the
chemical potential and Iα is the particle current. It is
known that the Joule heating J due to the leads is re-
lated to the heat current by
∑
α I
h
α = J . The heat current
driven by external bias and temperature gradient plays
a central role in studying the efficiency of nano-scaled
heat engine22. Recently ac heat current, its shot noise,
and relaxation resistance have been investigated in meso-
scopic systems23–27. Using the non-equilibrium Green’s
function transient heat current has been studied in meso-
scopic systems28. Moreover, A first-principles calculation
for transient heat current through molecular devices has
also been carried out29. It would be interesting to further
study the FCS of energy transport in ac regime.
We note that FCS of energy transport of phonon has
been studied extensively. An exact formula for cumu-
lant generating function of heat transfer has been de-
rived in harmonic networks to study non-equilibrium
fluctuations30,31. Moreover, energy fluctuations in a
driven quantum resonator has also been studied by
full-counting statistics32,33. Using the phonon non-
equilibrium Green’s function, the generating function
has been obtained for phonon transport in the transient
regime as well as steady states34–36. Various cumulants of
thermal current and entropy production have been stud-
ied numerically34,36,37. So far most of investigations of
FCS of energy transfer focus on the phonon transport.
However, less attention has been paid on FCS of the elec-
tron energy transfer38. It is the purpose of this paper to
address this issue.
In this paper, we develop a Keldysh non-equilibrium
2Green’s function (NEGF) theory to study FCS of trans-
ferred energy in transient regime. Based on two mea-
surement scheme we derive the expression of generating
functions for FCS in terms of non-equilibrium Green’s
functions. This allows us to calculate nth cumulant Cn
of transferred energy of mesoscopic systems in the tran-
sient regime as well as in long-time limit. We then apply
our formalism to investigate the energy transport in the
transient regime for both single and double QD systems.
To study the finite bandwidth effect on the cumulants of
transferred energy, an exact solvable model is used with
Lorentzian linewidth so that the non-equilibrium Green’s
function can be obtained exactly. As expected, the cu-
mulants of transferred energy show linear characteristics
in time in the long-time limit for both systems. For the
single QD, the transient energy current exhibits damped
oscillatory behavior. The oscillation frequency is found to
be independent of bandwidth of the leads and the decay
of oscillation amplitude is proportional to the lifetime of
resonant state of QD which decreases as the bandwidth
increases. At short times, the maximum amplitude Mn
of the normalized nth cumulant Cn(t)/C1(t) show a uni-
versal behavior for the single QD system. Specifically,
we find M2k = a1e
κk and M2k+1 = a2e
κk for different
system parameters where a1 and a2 are non-universal
constants. The universal slope κ is found to be close to
3. For the double QD system, we find that the tran-
sient energy current shows the damped Rabi oscillations
with frequency approximately proportional to the inter-
dot coupling constant v between two QDs. A threshold
of interdot coupling vc is found below which transient
energy current increases with the increase of v while for
v > vc the transient current is suppressed significantly.
These interesting results can be understood analytically.
This paper is organized as follows. In Sec. II, the for-
malism of generating function for studying full-counting
statistics of transferred energy in the transient regime
is first presented. In Sec. III, we apply the formalism
obtained to both single and double QD systems and
show numerical results of various cumulants, transient
energy current and the corresponding higher order cu-
mulants. Finally, the discussion and conclusion are given
in Sec. IV.
II. THEORETICAL FORMALISM
To study full-counting statistics of energy transport,
we need to obtain the probability distribution P (∆ǫ, t)
of the transferred energy carried by electrons ∆ǫ = ǫt−ǫ0
between an initial time t0 (for simplicity, we set t0 = 0)
and a later time t which can be calculated from two-time
quantum measurement. Denoting ǫ the eigenvalue of the
Hamiltonian of the left lead HL where we measure the
energy flow. Taking measurement at t gives ǫt which
is a stochastic variable. The generating function Z(λ, t)
with the counting field λ can be obtained by the Fourier
transformation of the probability distribution as8,
Z(λ, t) ≡ 〈eiλ∆ǫ〉 =
∑
∆ǫ
P (∆ǫ, t)eiλ∆ǫ. (1)
The jth cumulant of transferred energy 〈〈(∆ǫ)j〉〉 is de-
fined by,
〈〈(∆ǫ)j〉〉 =
∂j lnZ(λ)
∂(iλ)j
∣∣∣∣
λ=0
. (2)
We now derive the generating function using NEGF
theory for a general QD system coupled with two semi-
infinite leads in the transient regime. For this purpose,
we assume that the couplings between the QD and leads
are turned on at t = 0. The Hamiltonian of the whole
system can be written as,
H =
∑
kα
ǫkαc
†
kαckα+
∑
n
ǫnd
†
ndn+
∑
kαn
(
tkαnc
†
kαdn+h.c.
)
,
(3)
where, c†(c) and d†(d) are the creation (annihilation) op-
erators of leads and QD, respectively. ǫn is the energy
level for the QD and ǫkα is the energy levels of the lead
α(α = L,R). tkαn is the coupling constant between two
leads and the QD.
To investigate the energy current through the left lead
where the measurement is made, we focus on the energy
operator of the left lead
HL =
∑
k
ǫkLc
†
kLckL. (4)
Since we study the behaviour in the transient regime we
assume that the bias is applied to the leads at t = −∞
while the leads and QD are disconnected. All the cou-
plings are switched on at t = 0 giving rise to a transient
energy current. The switching of coupling between QD
and leads can be done by a quantum point contact that is
controlled by a gate voltage. Since the system is discon-
nect before t = 0, the initial density matrix of the whole
system at time 0 is the direct product of the subsystems
expressed by ρ(0) = ρL ⊗ ρD ⊗ ρR. Similar to the cases
of phonon and electron charge transport35,41, the gen-
erating function of transferred energy can be expressed
as,
Z(λ, t) = Tr
[
ρ(0)eiλHL(0)e−iλH
h
L
(t)
]
. (5)
Here, HhL(t) denotes the energy operator of the lead L
in the Heisenberg picture, which is related to the energy
operator in the Schro¨dinger picture HL(0) (Eq. (4)) by
HhL(t) = U
†(t, 0)HL(0)U(t, 0), (6)
where U(t, 0) is the evolution operator.
In terms of the modified Hamiltonian Hγ given in
Eq. (9), the generating function can be rewritten as,
Z(λ, t) = Tr
{
ρ(0)U †λ/2(t, 0)U−λ/2(t, 0)
}
, (7)
3where the modified evolution operator is,
Uγ(t, 0) = T exp
[
−
i
~
∫ t
0
Hγ(t
′)dt′
]
, (8)
with
Hγ =
∑
k
[
ǫkLc
†
kL(tγ)ckL(tγ) + ǫkRc
†
kRckR
]
+
∑
n
ǫnd
†
ndn +
∑
kn
[(
tkLnc
†
kL(tγ)dn
+tkRnc
†
kRdn
)
+ h.c.
]
. (9)
with tγ = ~γ and γ = λ/2. In deriving Eq. (9), we have
used the following relation,
eiγHLcL(0)e
−iγHL =
∑
n
~
nγn
n!
[∂nt ckL(t)]t=0 = cL(tγ).
(10)
Using Grassmann algebra the generating function
becomes41,
Z(λ, t) =
∫
D[φ¯φ]eiS[φ¯φ], (11)
whereD[φ¯φ] = Πxσdφ¯
σ
xdφ
σ
x with x ∈ kα, n and the action
S[φ¯φ] is given by,
S[φ¯φ] =
∫ t
0
dτ
∑
kσ
σ
[
φ¯σkL(~γσ)(i∂τ − ǫkL)φ
σ
kL(~γσ)
+φ¯σkR(i∂τ − ǫkR)φ
σ
kR
]
+
∑
nσ
σφ¯σn(i∂τ − ǫn)φ
σ
n
−
∑
knσ
σ
[
tkLnφ¯
σ
kL(~γσ)ψ
σ
n + tkRnφ¯
σ
kRψ
σ
n + c.c.
]
,
(12)
where φ and φ¯ are the Grassmann variables which are two
independent complex numbers42 and σ = +,− denoting
the upper and lower branches of the Keldysh contour,
respectively.
After the Keldysh rotation43 we rewrite the action in
Eq. (12) in a matrix form,
S[Ψ¯Ψ] =
∫ t
0
dτ
∫ t
0
dτ ′Ψ¯T (τ)M(τ, τ ′)Ψ(τ ′), (13)
with Ψ¯T (τ) = [ψ¯TkL(τγ), ψ¯
T
n (τ), ψ¯
T
kR(τ)] and
M =

 g−1kk′L(τγ , τ ′γ) −tkLn′δ 0−t∗k′Lnδ g−1nn′(τ, τ ′) −t∗k′Rnδ
0 −tkRn′δ g
−1
kk′R(τ, τ
′)

 , (14)
where δ is a unit matrix in Keldysh time space.
Using the functional integration of the Gaussian in-
tegral for the Grassmann fields, the generating function
can be expressed by the Keldysh non-equilibrium Green’s
function as41,
Z(λ, t) = det(GG˜−1), (15)
with
G−1 = g−1 − ΣL − ΣR, (16)
G˜−1 = g−1 − Σ˜L − ΣR. (17)
Here, g = gnn′(τ, τ
′) is the Green’s function
of the isolated QD in Keldysh space. ΣR =∑
kk′ t
∗
k′Rngkk′R(τ, τ
′)tkRn′ is the self-energy of the right
lead in the Keldysh space in the time domain. Σ˜L =∑
kk′ t
∗
k′Lngkk′L(τγ , τ
′
γ)tkLn′ is the self-energy with the
counting field, meaning that the two-time measurement
is done in the left lead. It is easy to find the expression
of Σ˜L given by,
Σ˜L(t, t
′) =
(
Σ˜rL(t, t
′) Σ˜kL(t, t
′)
Σ˜k¯L(t, t
′) Σ˜aL(t, t
′)
)
, (18)
where
Σ˜rL =
1
2
(
ΣrL +Σ
a
L − Σ˜
<
L + Σ˜
>
L
)
,
Σ˜kL =
1
2
(
ΣkL + Σ˜
<
L + Σ˜
>
L
)
,
Σ˜k¯L =
1
2
(
ΣkL − Σ˜
<
L − Σ˜
>
L
)
, (19)
with ΣkL = 2Σ
<
L +Σ
r
L − Σ
a
L.
Note that the expression of Eq. (15) is the same as
that of FCS of charge transport in Refs. 41 and 39. The
difference lies in the expression of Σ˜L. For the charge
transport the counting field appears as an extra phase
while for the energy transport the presence of counting
field is to shift the time from t to tγ . In Eq. (15) the
generating function is expressed in terms of a determi-
nant in both time and space domains. As a result, the
calculation of generating function is very time consuming
for realistic systems. To calculate Z(λ, t) for fixed λ and
t for a system with N degrees of freedom, we need to
discretize the time t into Nt uniform mesh and calculate
the Green’s function as a function of both position and
time. The computational complexity to evaluate the de-
terminant is of order N3N3t for each t
44. For this reason,
the transient calculation of FCS is limited to a single QD
or double QD with N = 1 or 2 where the exact solu-
tion of time-dependent non-equilibrium Green’s function
is available. If one wishes to study a realistic system
with N = 100 (for instance), the amount of calculation
increases by six orders of magnitude. However, if we are
interested in the first a few cumulants, we can first find
their expressions using Eqs.(2) and (15) and then calcu-
late them numerically using these expressions rather than
calculating cumulant generating function numerically.
Now we examine the limiting cases of generating func-
tion defined in Eq. (15). First of all, we look at the energy
current in the transient regime. From Eq. (15) and using
the relation ln detA = Tr lnA, the cumulant generating
function is given by
lnZ(λ, t) = Tr ln[I −G(Σ˜L − ΣL)], (20)
4According to Eq. (2), the transient energy current can be
expressed as (see derivation in appendix A and we have
set ~ = e = 1),
IEL (t) = 2Re
∫
dt′Tr
[
Gr(t, t′)Σ˘<L (t
′, t)+G<(t, t′)Σ˘aL(t
′, t)
]
,
(21)
where
Σ˘χL(t
′, t) =
∑
k
ǫkLΣ
χ
kL(t
′ − t), (22)
with χ =<, a and ΣχkL(t
′ − t) being the self-energy of
the left lead in the absence of the counting field. This
expression of transient energy current agrees with that
obtained directly by the Green’s function method29.
We now consider the short time behavior of the gen-
erating function. Using the fact that G(Σ˜L − ΣL) is of
order t2, we find for small t
lnZ(λ, t) = −Tr[G(Σ˜L − ΣL)], (23)
where the quantities in trace are in Keldysh space. It is
straightforward to show
lnZ(λ, t) = Tr[G<(Σ˜>L − Σ
>
L ) +G
>(Σ˜<L − Σ
<
L )]. (24)
In the limit of weak coupling case for a single quantum
dot system with a single level, we can use Green’s func-
tion of isolated quantum dot to replace G< and G> and
we find
lnZ(λ, t) = (nd − 1)ML1 + ndML2, (25)
where nd is the initial occupation number of the isolated
QD and
ML1 =
∫
dEA0(E)(e
iα(E)λ − 1)fL(E), (26)
ML2 =
∫
dEA0(E)(e
−iα(E)λ − 1)(fL(E)− 1), (27)
with
A0(E) =
4ΓL(E)
π
sin2[(E − ǫ0)t/2]
(E − ǫ0)2
. (28)
where ΓL(E) is the linewidth function of the left lead.
Here, ǫ0 is the energy level of the QD and α(E) = 1 or E
for charge transport and energy transport, respectively.
In the wideband limit (WBL) and α = 1, Eq. (25) recov-
ers the result of Ref. 39 from which a universal behavior
of nth cumulant of charge transport Cn has been derived
that was first demonstrated experimentally in Ref. 14.
Note that an important relation holds for charge trans-
port when nd = 0, i.e.,
(−i)n∂nZ(λ, t)/∂λn|λ=0 = x(t), (29)
which is independent of n with n > 0. This allows one to
obtain an analytic expression for Cn for charge transport
in the short time limit and very weak coupling regime
leading to this universal behavior.
For the energy transport with α = E, Eq. (29) does
not hold anymore. Although no analytic expression
is available for nth cumulant of energy transport Cn,
some asymptotic behavior can be derived. Assuming
nd = 0, i.e., initially there is no electron in the QD.
From Eq. (25), it is straightforward to find the expres-
sion of nth order cumulant of energy transport (α = E)
at zero temperature
Cn =
∂n lnZ
∂(iλ)n
=
∫ ∆L
−∞
dEA0(E)E
n, (30)
where ∆L is the bias voltage of the left lead. Now we
use WBL such that Γ(E) is a nonzero constant only for
|E| < W 11. In the regime W = ∆L ≫ |ǫ0| > 0, we have
Cn =
∫ W
−W
duA0(u)(u+ ǫ0)
n, (31)
where u = E − ǫ0. Since A0(u) is an even function, this
integral can be evaluated in the large W limit. For even
n = 2k, the major contribution comes from
∫
duA0(u)u
2k
which gives
C2k ∼ a1W
2k−1, (32)
with a1 =
4ΓL
(2k−1)π , the next order W
2k−2 term depends
on t. For C2k+1, it is dominated by
∫
duA0(u)(2k +
1)ǫ0u
2k from which we find
C2k+1 ∼ a2W
2k−1, (33)
with a2 =
4ΓL(2k+1)
(2k−1)π ǫ0. Denoting Fn = ln(Cn/C1), we
have F2k = ln(a1/C1) + (2k − 1) lnW and F2k+1 =
ln(a2/C1) + (2k − 1) lnW . This suggests that both F2k
and F2k+1 depend linearly on k with the same slope but
different intercepts. Since the slope depends only on the
bandwidth W , it is universal. Obviously, the above dis-
cussion is qualitative under certain limits, the detailed
numerical study on the universal behavior at short time
will be presented in the next section.
Now we investigate the long-time behavior of the gen-
erating function in the transient regime. When t goes to
infinity, the Green’s function and self-energy in the time
domain become invariants under the time translation41.
Therefore, the cumulant generating function in Eq. (20)
in the long-time limit in the energy space becomes,
lnZs(λ, t) = t
∫
dω
2π
ln det
{
I −G(ω)[Σ˜L(ω)− ΣL(ω)]
}
.
(34)
In the next section, we will give numerical result of
FCS of transferred energy in the transient regime. We
will study FCS for two systems, single QD and double
QD systems. In calculating the generating function nu-
merically from Eq. (15), the Green’s functions defined in
Eq. (16) for an occupied single QD can be expressed as,
gr(τ1, τ2) = −iθ(τ1 − τ2) exp[−iǫ(τ1 − τ2)], (35)
g<(τ1, τ2) = i exp[−iǫ(τ1 − τ2)], (36)
5with the Heaviside step function θ(τ1− τ2). For a double
QD system, the Green’s function with the counting field
in Eq. (17) should be written as,
G˜−1 =
(
g−11 − Σ˜L −v
−v∗ g−12 − ΣR
)
. (37)
Here, g−11 and g
−1
2 are the Green’s function for the first
and second isolated QD, respectively. v is the coupling
constant between two QDs.
In order to calculate the self-energy ΣL(R) and Σ˜L in
Eqs. (16) and (17), we use the Lorentzian linewidth func-
tion to describe the self-energy so that the equilibrium
energy dependent self-energy can be written using a fi-
nite band width W ,
Σrα(ω) =
ΓαW
2(ω + iW )
, (38)
with the linewidth amplitude Γα. This is a special model
that allows us to find the Green’s function exactly while
still going beyond the WBL. Note that one can not tune
the bandwidth experimentally. Then the retarded self-
energy can be given by,41
Σrα(τ1, τ2) = −
i
4
θ(τ1 − τ2)ΓαWe
−(i∆α+W )(τ1−τ2),(39)
where ∆α is the external bias applied on the lead α. In
order to calculate the lesser Green’s function analytically,
we focus on zero temperature. We find Σ<α (τ1 − τ2) =
i
8ΓW for τ1 = τ2, and otherwise
41
Σ<α (τ1, τ2) =
i
8
ΓW
{
−
i
π
e−(i∆α−W )τEi(−Wτ)
+e−(i∆α+W )τ
[
1 +
i
π
Ei(Wτ)
]}
, (40)
with τ = τ1− τ2 and Ei(x) = −
∫∞
−x
e−t
t dt. Note that the
diagonal element of lesser self-energy diverges for large
W . It has been confirmed in Ref.45 that the transient
charge current at WBL can be obtained as follows: cal-
culating transient current as a function of W and then
taking large W limit. We have confirmed that transient
energy current at WBL can be obtained similarly.
Before we end this section, we mention that the ap-
proach presented in this paper is suitable only for non-
interacting problems. Under a special situation where
electrons couple with a single phonon mode, this type of
approach can be generalized (see Ref. 11).
III. NUMERICAL RESULTS
In this section, we first apply our formalism to a single
QD system which is assumed to be half occupied at t = 0.
The dependence of cumulants on the occupation will be
examined later. The linewidth amplitude in Eq. (38) is
set to be ΓL = ΓR = Γ/2 and the bandwidth W is also
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FIG. 1. (a) 1st, (b) 2rd, (c) 3rd, and (d) 4th cumulants of
transferred energy with different bandwidthW in the left lead
for a single QD system.
set to be the same for both leads. The energy level of the
QD is assumed to be 5Γ and a bias with amplitude ∆L =
10Γ is chosen for this system. In the following numerical
calculations, we set e = ~ = Γ = 1 for simplicity.
Figure 1 shows the 1st to 4th cumulants of transferred
energy counted from the initial time t = 0 in the left
lead of the system for different bandwidths W = 10Γ,
20Γ, 50Γ, and 80Γ. For the 1st and 3rd cumulants, they
decrease immediately once the system turns on and in-
crease after reaching a minimum. In this region, the 1st
and 3rd cumulants with smaller bandwidths have larger
value until the crossover occurs at the time around 0.45
and 2.5, as shown in Fig. 1(a) and 1(c), respectively.
After the crossover, situation reverses, i.e., the 1st and
3rd cumulants with the larger bandwidth W becomes
smaller than those with smaller W in the self-energy.
From Fig. 1(b) and 1(d) we see that the 2nd and 4th
cumulants show a sharp rise first when the system turns
on and then increases almost linearly after the transient
regime. Roughly speaking the larger the bandwidth W ,
the larger the values of the 2nd and 4th cumulants.
We find that all cumulants of transferred energy in-
crease with small oscillations when the time increases
and exhibit linear characteristics at the long time which
agrees with the long-time limit of the cumulant generat-
ing function in Eq. (34). The small oscillation of cumu-
lants with time can be seen clearly from their derivative
with respective of time, as shown in Fig. 2. Fig. 2(a)
presents the time derivative of the 1st cumulant, namely,
the transient energy current of the left lead for different
bandwidths W . We see that they first drop down ex-
hibiting dips with negative value once the system is con-
nected. After that they increase to maximum values and
then decay in an oscillatory fashion. In the long-time
limit, they reach the values of dc energy current. We
note that the transient energy current behaves similarly
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FIG. 2. Time derivative of (a) 1st, (b) 2rd, (c) 3rd, and (d)
4th cumulants of transferred energy with different bandwidth
W in the left lead for a single QD system. Inset: transmission
coefficients of the single QD system with different bandwidth.
to the transient charge current obtained in Ref. 45. For
the time derivative of the 2nd cumulant which is related
to the shot noise of the system, it increases immediately
exhibiting peaks when the system turns on, and drops
down to the long-time limit very quickly with tiny oscil-
lations. The time derivative of the 4th cumulant shows
similar behavior to that of the 2nd cummulant besides
that it drops to negative values and finally approaches to
the positive long-time limit, while that of the 3rd cumu-
lant shows opposite behavior. The short time behavior
of nth cumulants of energy transport Cn in Fig. 2 can
be qualitatively understood from Eq. (31) where Cn de-
pends on W through Γ(E) ∼ W 2/(E2 +W 2). Hence at
short times, a largeW gives a large |Cn|. The sign of Cn
can also be understood from Eq. (30) for t approaching
zero. For n = 2k, we have from Eq. (28) and (30)
C2k =
ΓLt
2
π
∫ ∆L
−∞
dEE2k, (41)
which is positive definite. For n = 2k + 1, since∫∆L
−∆L dEE
2k+1 = 0, we have
C2k+1 =
ΓLt
2
π
∫ −∆L
−∞
dEE2k+1, (42)
which is negative in agreement with the results of Fig. 1
and Fig. 2.
From the numerical results we find that the frequency
of the oscillations is independent of the bandwidth of
leads while for the transient energy current, it is found
that the time-dependent energy current with larger band-
width W decays faster than that with smaller W . This
oscillatory behavior can be understood analytically. For
a QD under an upward pulse of bias within the WBL the
transient energy current can be expressed in terms of the
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FIG. 3. The logarithmic plot of the maximum amplitude of
the normalized transient energy cumulants Cn(t)/C1(t) ver-
sus n at short times for different system parameters for (a)
different ǫ0 with W = 50Γ and (b) different bandwidth W
with ǫ0 = 5Γ.
spectral function A(ǫ, t) as,
IEL (t) = −ΓL
∫
dǫ
2π
ǫ
{
2fL(ǫ)Im[A(ǫ, t)]
+
∑
α
Γαfα(ǫ)|A(ǫ, t)|
2
}
, (43)
with
A(ǫ, t) =
ǫ− ǫ0 + iΓ/2 + ∆Le
i(ǫ−ǫ0+∆L+iΓ/2)t
(ǫ− ǫ0 + iΓ/2)(ǫ− ǫ0 +∆L + iΓ/2)
. (44)
Clearly the oscillatory behavior of transient energy cur-
rent is due to the oscillatory term exp[i(ǫ − ǫ0 +∆L)t−
(Γ/2)t] in the spectral function A(ǫ, t). We note that the
period of oscillation of the transient energy current is
only dependent on the energy level ǫ0 of the QD and the
applied bias. In addition, the damping of this oscillation
is dominated by life time of the resonant state of the QD
which is proportional to Γ in the WBL. In our numeri-
cal calculation, finite bandwidth W is used which affects
the lifetime of the resonant state. To find the influence
of W on the lifetime, we investigate transmission coef-
ficient versus energy to look for resonant behavior and
find the resonant state (transmission peak) and its life-
time (inverse of peak width). From the inset of Fig. 2(d),
we find that the transmission peak is mediated by the
resonant state of the single QD system is broadened by
increasing the bandwidth W in self-energy. This shows
that the life time of the resonant state is proportional
to bandwidth and explains why the transient energy cur-
rent decays faster for the system with larger bandwidth
(see Fig. 2(a)). From the transmission coefficient shown
in the inset of Fig. 2(d), it is clear that larger W corre-
sponds to a large dc charge or energy current which is
consistent with our dc limit of transient energy current.
From the discussion in Section II, we see that there
may exist a universal behavior for Cn at short times. In
this section, we provide numerical evidence to show that
this is indeed the case. Denoting Mn as the maximum
amplitude of the normalized transient energy cumulants
Cn(t)/C1(t). In Fig. 3, we show the logarithmic plot of
Mn versus n for different system parameters. We see
that both ln(M2k) and ln(M2k+1) depend linearly on k
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FIG. 4. (a) Transient energy current of the left lead for a sin-
gle QD system with W = 50Γ which is initially unoccupied
(black solid line), half occupied (red solid line), and fully oc-
cupied (blue solid line). The dark yellow solid line represents
IEL,in(t) in Eq. (46) for the fully occupied case. (b) Transient
energy current of the left lead for a double QD system with
v = 2Γ which is initially unoccupied (black solid line), only
fully occupied for ǫ1 (red solid line) or ǫ2 (green solid line),
and fully occupied for both energy levels (blue solid line).
The dark yellow and orange solid line represent IEL,in(t) for
the case that only ǫ1 and ǫ2 is fully occupied, respectively.
with the same slope κ but different intercepts. Varying
system parameters such as W and ǫ0 will change the
intercepts while the slope remains unchanged. Hence we
have M2k = a1e
κk and M2k+1 = a2e
κk where a1 and a2
are constants. The universal slope κ is found to be close
to 3.
In order to study the effect of initial occupation num-
ber of the single QD on the transient energy current,
the time-dependent energy currents calculated by the
time-derivative of 1st cumulant with W = 50Γ for dif-
ferent initial occupation number are plotted in Fig. 4(a).
To understand this behavior, we note that in the tran-
sient regime the lesser Green’s function can be expressed
by46,47,
G<(t, t′) = Gr(t, 0)g<(0, 0)Ga(0, t′)
+
∫ t
0
∫ t
0
dτ1dτ2G
r(t, τ1)Σ
<(τ1, τ2)G
a(τ2, t
′).
(45)
Substituting this expression into Eq. (21) we find the
transient energy current consists of two terms IEL (t) =
IEL,un(t) + I
E
L,in where I
E
L,un(t) is the transient energy
current for a system which is initially unoccupied while
the transient energy current due to the initial occupation
is
IEL,in(t) = 2Re
∫
dt′Tr
[
Gr(t, 0)g<(0, 0)Ga(0, t′)Σ˘aL(t
′, t)
]
.
(46)
In Fig. 4(a), we plot IEL,in(t) for the single QD system
which is initially full occupied (defined as IEL0), namely,
g<(0, 0) = 1i. Therefore, the transient energy current
for a single dot system with initial occupation of α is
IEL (t) = I
E
L,un(t) + αI
E
L0. We have checked that three
curves (black, red, and blue lines) in Fig. 4(a) indeed
satisfy this relation.
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transferred energy with different coupling constant v in the
left lead for a double QD system.
As a second example, we consider a double QD sys-
tem with the Hamiltonian of
(
ǫ1 −v
−v∗ ǫ2
)
. We set the
energy levels of the first and second QD to be ǫ1 = 4Γ
and ǫ2 = 6Γ which connect with the left and right lead,
respectively. The bandwidth of the lead and the bias are
set to be W = 10Γ and ∆L = 10Γ, respectively. The
bias is applied to the isolated leads at t = −∞ and the
couplings between the leads and QDs are switched on
at t = 0. For the double QD system, we assume that
the initial state for ǫ1 is occupied initially with the lesser
Green’s function given in Eq. (36), while ǫ2 is unoccupied
so that its occupation number (proportional to its lesser
Green’s function) is 0.
Figure 5 presents the 1st to 4th cumulants of trans-
ferred energy of electrons counted in the left lead with
different coupling constants of v = 1Γ, 2Γ, 3Γ, and 5Γ
between two QDs. Generally speaking, as the time in-
creases, all calculated cumulants increase with oscillation
except for the 3rd cumulant with v = 5Γ which starts to
decrease slowly when t exceeds 4.5. The oscillations of
the 3rd and 4th cumulants with a large interdot coupling
constant v = 5Γ decay much more slowly than those of
other cases. Similar to the cumulants for the single QD
system, the long-time limit of different cumulants for the
double QD system is a linear function of time as shown
in Eq. (34). It is also found that in the long-time limit,
the nth cumulant with coupling constant of v = 3Γ be-
comes the largest while v = Γ is the smallest compared
with those with other coupling constants for all n. We
also note that the behaivor of cumulants of transferred
energy for the double QD system resembles that of cu-
mulants of transferred charge reported in Ref. 41.
The time derivative of the cumulants for the double QD
system are then presented in Fig. 6. The time derivative
of all cumulants show oscillations with their amplitudes
decreasing with the increase of time and their frequen-
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transmission coefficients of the double QD system with differ-
ent coupling constan.
cies approximately proportional to the coupling constant,
especially for large coupling constant. To understand
the behavior of oscillation, we note that in the resonance
regime the electron oscillates between two QDs with dif-
ferent energy levels and coupling constants, leading to
different oscillation frequencies related by the Rabi fre-
quency defined as,
ω =
√
(ǫ1 − ǫ2)2 + 4|v|2, (47)
which is actually the difference between two eigenvalues
of the Hamiltonian for the double QD system. In our
case, the period of oscillation for the transient energy
current is T = 2πω =
π√
1+v2
. Therefore, higher frequency
is obtained for the time derivative of cumulants plotted in
Fig. 6 for system with larger coupling constant. Specifi-
cally, for the transient energy current, namely, the time
derivative of the 1st cumulant, it is found that for the
systems with coupling constants of v = 1Γ, 2Γ, and 3Γ,
larger energy current is obtained for system with larger
coupling constant in the long-time limit since the trans-
mission peaks become higher and wider when the cou-
pling constant is increased , as shown in the inset of
Fig. 6(d). However, when the coupling constant is fur-
ther increased to 5Γ, the transmission peaks start to shift
out of the bias windows [0,10] which dramatically reduces
the energy current in the long-time limit. For higher or-
der cumulants, we observe similar behaviors (which can
be understood using the augments discussed above): (1).
the larger the interdot coupling, the larger the oscillation
frequency becomes; (2). in the long-time limit, the value
of cumulants increases with v as long as v < 4.5Γ. (3).
For v > 4.5Γ, the value of cumulants is the smallest in
the long-time limit.
Moreover, the transient energy currents calculated by
the time-derivative of 1st cumulant of the double QD
with v = 2Γ for different initial occupation condition are
plotted in Fig. 4(b). Similar to the case of single QD, we
also calculate the contribution of transient current from
the initial occupation condition by Eq. (46) for the case
that only ǫ1 (I
E
L1(t)) and ǫ2 (I
E
L2(t)) is fully occupied, re-
spectively, as shown in Fig. 4(b). Therefore, for a double
QD system in which the occupation number of ǫ1 and ǫ2
are α and β, respectively, the transient current can be
calculated simply by IEL (t) = I
E
L,un(t) + αI
E
L1 + βI
E
L2.
IV. CONCLUSION
We have investigated the FCS of transferred energy in
the transient regime. Two time measurement scheme was
used to derive the generating function of FCS of trans-
ferred energy in the transient regime using the Keldysh
non-equilibrium Green’s function. Our formalism was
then applied to both single and double QD systems to
study the 1st to 4th order cumulants of transferred en-
ergy in the transient regime. Oscillations are observed in
the transient energy current for both single and double
QD systems. At short times, universal scaling was found
for maximum amplitude of normalized cumulant of en-
ergy current for the single QD system. For the single QD
system, we find that the frequency of oscillation in the
transient energy current is independent of the bandwidth
of the self-energy while and for the double QD system
the frequency is proportional to the coupling constant
between two QDs for large coupling constant.
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Appendix A: Transient energy current
In this appendix, we present the details of obtaining
the transient energy current from the cumulant generat-
ing function. Accoding Eqs. (2) and (20), the transient
energy current, namely, the 1st cumulant of transfered
energy, can be written as (~ = e = 1),
IEL (t) =
∂ lnZ(λ, t)
i∂λ
∣∣∣∣
λ=0
= −Tr
∫
dt′
[
G(t, t′)
∂Σ˜L(t
′, t)
i∂λ
]
λ=0
, (A1)
where,
G =
(
Gr Gk
0 Ga
)
, (A2)
9and
∂Σ˜L
∂λ
=
∂
(
−Σ˜<L + Σ˜
>
L , Σ˜
<
L + Σ˜
>
L
−Σ˜<L − Σ˜
>
L , Σ˜
<
L − Σ˜
>
L
)
2∂λ
, (A3)
from the definition of Σ˜L in the Keldysh space in Eq. (19).
For the lesser self-energy Σ˜<L with the counting field, it
can be expressed in terms of the lesser green’s function
of left lead,
Σ˜<L (t, t
′) =
∑
k
t∗kLng
<
kL(t− t
′ − λ)tkLn, (A4)
where,
g<kL(t− t
′ − λ) = if(ǫ0kL) exp
[
− iǫkL(t− t
′ − λ)
]
, (A5)
with ǫ0kL the bare energy levels of the left lead in the
absence of external bias.
It is easy to find
∂g<kL(t− t
′ − λ)
∂λ
∣∣∣∣
λ=0
= iǫkLf(ǫ
0
kL) exp
[
− iǫkL(t− t
′)
]
= iǫkLg
<
kL(t− t
′), (A6)
from which we have,
∂Σ˜<L (t, t
′)
∂λ
∣∣∣∣
λ=0
= iΣ˘<L(t, t
′), (A7)
where
Σ˘χL(t, t
′) =
∑
k
ǫkLΣ
χ
kL(t− t
′), (A8)
with χ =<, a and ΣχkL(t
′− t) being the self-energy of the
left lead without the counting field. Similarly, we can
obtain,
∂Σ˜>L (t, t
′)
∂λ
∣∣∣∣
λ=0
= −iΣ˘>L (t, t
′), (A9)
By substituting Eqs. (A7) and (A9) into Eq. (A3), we
have,
∂Σ˜L
∂λ
∣∣∣∣
λ=0
=
i
2
(
−Σ˘<L − Σ˘
>
L , Σ˘
<
L − Σ˘
>
L
−Σ˘<L + Σ˘
>
L , Σ˘
<
L + Σ˘
>
L
)
. (A10)
Therefore, the transient energy current can be obtained
from Eq. (A1),
IEL (t) =
1
2
∫
dt′Tr
{
Gk(t, t′)
[
Σ˘<L (t
′, t)− Σ˘>L (t
′, t)
]
+
[
Gr(t, t′)−Ga(t, t′)
][
Σ˘<L (t
′, t) + Σ˘>L (t
′, t)
]}
.
(A11)
Since Gk = 2G< +Gr −Ga, it can be finally written as,
IEL (t) =
∫
dt′Tr
{
G<(t, t′)
[
Σ˘<L (t
′, t)− Σ˘>L (t
′, t)
]
+
[
Gr(t, t′)−Ga(t, t′)
]
Σ˘<L (t
′, t)
}
= 2Re
∫
dt′Tr
[
Gr(t, t′)Σ˘<L (t
′, t) +G<(t, t′)Σ˘aL(t
′, t)
]
.
(A12)
For the case of heat current, the cumulant generating
function for the counting of the heat is found to be,
lnZ(λ, t) = Tr ln
{
I −G[M(eiσxµLλ − I) + Σ˜L − ΣL]
}
,
(A13)
with
M =
1
2
(
Σ˜>L − Σ˜
<
L , Σ˜
<
L + Σ˜
>
L
−Σ˜<L − Σ˜
>
L , Σ˜
<
L − Σ˜
>
L
)
. (A14)
where Σ˜L is defined in Eq. (19).
Therefore, the transient heat current can be expressed
as,
IhL(t) =
∂ lnZ(λ, t)
i∂λ
∣∣∣∣
λ=0
= −Tr
∫
dt′
{
G(t, t′)
∂[M(eiσxµLλ − I) + Σ˜L]
i∂λ
}
λ=0
= −
µL
2
[(Gr −Ga)(Σ<L +Σ
>
L ) +G
k(Σ<L − Σ
>
L )]
+
1
2
[(Gr −Ga)(Σ˘<L + Σ˘
>
L ) +G
k(Σ˘<L − Σ˘
>
L )]
= IEL (t)− µLIL(t). (A15)
which is the known result. We also wish to comment that
this formalism is valid for heat transport driven by either
temperature gradient and bias voltage.
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